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Abstract
The time-dependent covariant density functional theory in 3D lattice space has been developed
and applied to investigate the microscopic dynamics of the linear-chain cluster states for carbon
isotopes in the reactions 4He+8Be and 4He+10Be without any symmetry assumptions. By examin-
ing the density distribution and its time evolutions, the structure and dynamics of the linear-chain
states are analyzed, and the quasiperiodic oscillations of the clusters are revealed. For 4He+8Be,
the linear-chain states evolve to a triangular configuration and then to a more compact shape. In
contrast, for 4He+10Be, the lifetime of the linear-chain states is much more prolonged due to the
dynamical isospin effects by the valence neutrons which slow down the longitudinal oscillations of
the clusters and persist the linear-chain states. The dependence of the linear chain survival time
and dynamical isospin effects on impact parameters have been illustrated as well.
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Nuclear exotic deformations provide us an excellent framework to investigate the fun-
damental properties of quantum many-body systems [1–4]. For light nuclei, in particular,
many exotic states may exist due to the appearance of the α cluster structure [5]. One of
the most intriguing states among them is the linear-chain cluster states in carbon isotopes.
The linear-chain structure of three α clusters was suggested more than 60 years ago [2],
and was used to explain the structure of the Hoyle state (the second 0+ state at Ex = 7.65
MeV in 12C), which plays a crucial role in the synthesis of 12C from three 4He nuclei in
stars [6]. The Hoyle state was later found to be a gas-like state with strong mixing of
the linear chain and other configurations [7] and recently reinterpreted as an α-condensate-
like state [8, 9]. However, the concept of the linear-chain cluster state has attracted a lot
of attentions for nuclear physicists, both experimentally and theoretically. Its realization
would have a strong impact on the research field of quantum many-body systems, because
such an exotic clustering state is naturally recognized as an extreme of cluster structure due
to its presumed propensity to exhibit bending configurations.
Various theoretical and experimental studies of linear-chain states have been carried out in
N = Z nuclei, such as 12C [10–15], 16O [16–18], 24Mg [19–22], etc. Further investigations are
needed to confirm, however. It is indeed very difficult to stabilize a linear-chain configuration
against the bending motion because of the antisymmetrization effects and the weak-coupling
nature of a clustering structure. Nevertheless, Itagaki et al., [23] suggested that a higher
stability for the linear-chain states is possible in the neutron-rich nuclei. This is because, if
the valence neutrons occupy the so-called σ orbital (orbital parallel to the symmetry axis),
an elongated shape for the core would be favored to lower the energy of the valence neutrons.
The effects of the valence neutrons on cluster structure have been extensively investigated
from both experimental [24, 25] and theoretical sides [26–30], and they are also found to be
coherently coupled with the rotation of the whole system [10].
The linear-chain states in carbon isotopes have been studied experimentally by the res-
onant scattering method with radioactive beams [31–34]. In particular, the very recent
measurement of the scattering 4He+10Be has provided strong indications for the existence
of linear-chain states in 14C [34]. The level spacing and relative energies to the 4He+10Be
threshold of the observed states agree well with the predictions of the antisymmetrized
molecular dynamics method [35], and the corresponding moment of inertia is also very close
to the microscopic covariant density functional theory predictions [10].
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In despite of these accomplishments, until now there has been no theoretical discussion
on the dynamics of the linear-chain states from the resonant scattering 4He+10Be. It is
generally acknowledged that the time-dependent density functional theory (DFT) provides
a powerful and versatile tool for simulating a great variety of dynamical scenarios [36–40].
Therefore, it is interesting to investigate the formation and stability of the linear-chain
configuration using the fully microscopic and dynamical time-dependent DFTs. In fact,
the three α linear-chain configuration of 12C has been studied by simulating the reaction
4He+8Be with the time-dependent Hartree-Fock (TDHF) approach in the framework of the
nonrelativistic DFTs [41].
The time-dependent mean field approach is also available in the framework of covariant
DFTs, which bring many advantages in describing nuclear systems, such as the natural
inclusion of the spin-orbit potential [42–44], and the self-consistent treatment of the time-odd
fields [45], see also Ref. [46] for details. However, due to the lack of computational resources,
these calculations are limited with the simplified effective interactions [47, 48] or unphysical
symmetry assumptions, such as the oscillations being restricted to axial symmetry [49, 50].
Recently, the covariant DFT has been solved successfully in a three-dimensional (3D) lattice
space with the inverse Hamiltonian [51] and Fourier spectral methods [11, 52]. This paves
the way to develop the corresponding time-dependent approaches in a full 3D lattice space
without assuming any symmetries.
In this Letter, the time-dependent covariant density functional theory (TDCDFT) is
developed in a full 3D lattice space with modern relativistic density functionals. Moreover,
since microscopic dynamical studies of the linear-chain states in carbon isotopes with excess
neutrons are still missing and strongly desired, the newly developed approach is applied for
a systematic investigation for the dynamics of the linear-chain states in 12C and 14C from
respectively the resonant scatterings 4He+8Be and 4He+10Be.
Similar to the static CDFT, the starting point of TDCDFT is a standard effective
Lagrangian density, where the nucleons can be coupled with either finite-range meson
fields [53, 54] or zero-range point-coupling interactions [55, 56]. In the finite-range scheme,
the exchanges of σ, ω, and ρ mesons between nucleons are usually considered. Similarly,
in the point-coupling scheme, the exchange of the various mesons is replaced by the corre-
sponding contact interactions in the scalar-isoscalar, vector-isoscalar, and vector-isovector
channels. The detailed formalism of the Lagrangian can be seen, e.g., in Ref. [46].
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In the framework of the TDCDFT, one can derive the equation of motion for nucleons
from the Lagrangian via a standard variational procedure [43],
i∂tψk = [α · (−i∇− V ) + V
0 + β(M + S)]ψk, (1)
which has the form of a time-dependent Dirac equation for nucleons with the massM . Here,
S and V µ are the large scalar and vector potentials, respectively, and they are coupled with
the corresponding densities and currents in a self-consistent way. The densities and currents
in the scalar, vector and isovector channels are time-dependent and are obtained from the
single-particle wavefunctions ψk,
ρS(r, t) =
A∑
k=1
ψ¯kψk, (2a)
j
µ
V (r, t) =
A∑
k=1
ψ¯kγ
µψk, (2b)
j
µ
TV (r, t) =
A∑
k=1
ψ¯kτ3γ
µψk, (2c)
where τ3 is the isospin Pauli matrix with the eigenvalues +1 for neutron and −1 for proton.
For the collisions of two nuclei, the initial wavefunctions of ψk in Eq. (1) are composed of
the single-particle wavefunctions of the two nuclei, which are usually in their ground states,
and are obtained from two separate static CDFT calculations. Subsequently, the two nuclei
are placed on the mesh with a large enough distance between them, so that the overlap
between the wavefunctions of the two nuclei is negligible at the initial time. Moreover,
to set them in motion, each nucleus is Lorentz boosted to the given initial energy in the
center-of-mass frame. Similar to the TDHF calculations, an absorbing imaginary potential
iW (r) [38, 39] is introduced to the vector potential V 0(r, t) in Eq. (1), to remove the effects
of the emitted particles.
The density functional DD-ME2 [54] is employed in the present calculations. Using
other density functional, such as PC-F1 [57], similar results can be obtained, and all the
physical conclusions obtained based on the functional DD-ME2 remain unchanged. The
Dirac equation (1) is solved in the real spacetime. The Dirac spinors of the nucleons and the
potentials are represented in 3D lattice space without any symmetry restriction. The step
sizes along the x, y, and z axes are identical and chosen as 0.8 fm. The predictor-corrector
strategy [37, 58] is adopted to solve the Dirac equation (1) by expanding the time-evolution
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operator up to the fourth order. The time step is set to be ∆t = 0.1 fm/c, and the total
evolution time is chosen as 5000 fm/c. The Poisson equation for the Coulomb potential is
solved by the Hockney’s method with the isolated boundary condition [59].
The ground states of 4He, 8Be, and 10Be are calculated in a box with 24 × 24 × 24 grid
points, while for two nuclei collisions, a box with 30 × 30 × 50 grid points is used. The
convergence with respect to the size of the box has been examined. The calculated ground
states of 8Be and 10Be are axially symmetric, and the symmetry axis is set to be the z axis.
For the collisions of two nuclei, the initial velocities of the two nuclei are along the z axis,
and the initial separation distance between the centers of the two nuclei is set to be 12 fm
along z axis.
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FIG. 1. (color online). Selected total density distributions in the y = 0 plane at the times t = 100,
1200, 3300 and 5000 fm/c from TDCDFT time evolutions of the 4He+8Be (left) and 4He+10Be
(right) head-on collisions. The initial energy is Ec.m. = 2 MeV.
We have studied two collisions 4He+8Be and 4He+10Be, which lead to the linear-chain
configurations in 12C and 14C, respectively. Similar to Ref. [41], the initial energy is chosen
as Ec.m. = 2 MeV to assure the occurrence of fusions. In Fig. 1, four snapshots from the
long time evolution of the two collisions at zero impact parameters are presented in terms
of the total density distributions at the times t = 100, 1200, 3300 and 5000 fm/c. It is clear
that the linear-chain states are formed in both collisions [see Figs. 1(b) and (f)], but there
are also distinct features.
For the 4He+8Be collision, the system retains the linear-chain configuration up to the
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time at about 3100 fm/c, and then it starts to bend and forms a somewhat triangular-like
shape as shown in Fig. 1(c). After staying at the triangular configuration for approximately
1000 fm/c, finally, the system relaxes into a more compact shape at even longer times [see
Fig. 1(d)]. Similar to Ref. [41], the head-on collision with the impact parameter b = 0
here should be interpreted as the average value 〈b〉 = 0 with a small dispersion around this
value. This induces the breaking of the axial symmetry, and allows the bending motion and
even the collapse to a more compact configuration. It should be mentioned that during the
time evolution of the linear-chain configuration, the three α-like clusters are moving and
do not equilibrate, but they exhibit a complex quasiperiodic oscillating motion with a little
damping. These features are indeed similar to the ones obtained by nonrelativistic TDHF
calculations in Ref. [41].
For the 4He+10Be collision, however, the linear-chain configuration of the system can be
retained even at the time up to 5000 fm/c. Moreover, comparing Figs. 1 (f) and (g), one
can see that the positions of the α-like and 10Be-like clusters could be exchanged during the
time evolution. This indeed reflects the quasiperiodic oscillating motion of the α-like and
10Be-like clusters in this collision.
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FIG. 2. (color online). Time evolution of the quadrupole deformation β20 (upper panel) and the
length along z direction
√
〈z2〉 (lower panel) for the head-on collisions of 4He+8Be and 4He+10Be
systems at Ec.m. = 2 MeV. The results of the static CDFT calculations [10] are shown as the
horizontal dashed lines.
To investigate the dynamic quasiperiodic motion of the clusters in detail, in Fig. 2(a),
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the time evolution of the quadrupole deformation β20 for the head-on collisions of
4He+8Be
and 4He+10Be systems are depicted. For the 4He+8Be collision, the β20 oscillates in a quite
harmonic way up to the time around 3100 fm/c, which corresponds to the linear-chain
configuration. Subsequently, a sudden decrease of β20 appears and it corresponds to the
occurrence of the bending [see Fig. 1 (c)], and then the β20 gradually declines to values
below 0.5 corresponding to a more compact shape [see Fig. 1 (d)]. With two more neutrons,
for the 4He+10Be collision, the β20 also starts with a nearly harmonic oscillation, but up
to a much longer time 5000 fm/c, which is the end of the time evolution in the present
calculations. This means that the linear-chain configuration could persist much longer in
14C than that in 12C. Note that the amplitude of the β20 oscillation is suppressed dramatically
in the 4He+10Be collision. This may indicate that the two valence neutrons induce more
attractions between the α-like clusters and, thus, enhance the stability of the linear chain
against the breathinglike breakup.
It is interesting to note that the β20 obtained in static CDFT calculations [10] for the
linear-chain states in 12C and 14C are also shown for comparison in Fig. 2(a). The results
agree well with the present time-dependent calculations. This means that the linear-chain
configurations formed in the 4He+8Be and 4He+10Be collisions are consistent with the ones
obtained in the nuclei 12C and 14C.
The oscillations of the β20 can be explained by the time evolution of the length along the
z direction
√
〈z2〉 as shown in Fig. 2 (b). For both 4He+8Be and 4He+10Be collisions, it is
seen that the time evolution of
√
〈z2〉 exhibits very similar patterns to the evolution of the
β20. This means that the oscillations of the β20 are mainly from the cluster motions in the
longitudinal direction.
Apart from the quadrupole deformation β20, it is also interesting to investigate the time
evolution of the octupole deformation β30, which reflects the asymmetry of the system with
respect to the x-y plane, and is shown in Fig. 3(a) for the head-on collisions of 4He+8Be
and 4He+10Be systems. It is seen that the β30 for both systems exhibits complex oscillations
around β30 = 0, in particular, when the systems are in the linear-chain configurations. For
the 4He+8Be collision, the β30 oscillation has a relatively higher frequency and a smaller
amplitude, but it is opposite for the 4He+10Be collision, where the frequency is lower and
the amplitude is larger. This reveals that the reflection symmetry with respect to the x-y
plane is not strongly broken during the 4He+8Be collision, however, it is remarkably violated
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FIG. 3. (color online). Same as Fig. 2 but for the octupole deformation β30 (upper panel) and the
center of valence neutrons in z direction Cv.n. (see text) (lower panel).
in the 4He+10Be collision [see Figs. 1(f)–(h)].
The distinct features of the β30 oscillation in the
4He+10Be collision are caused by the
effects of two valence neutrons. This can be seen in Fig. 3(b), where the center of valence
neutrons in the z direction Cv.n. is defined,
Cv.n. =
∫
d3r z(ρn − ρp)∫
d3r (ρn − ρp)
, (3)
and its time evolution is depicted. One can see that the Cv.n. oscillates in a very similar
frequency with the one of the β30. This indicates that the two valence neutrons oscillate
in the z direction and, thus, induce the strong oscillation of the octupole deformation β30.
There are discrepancies in the oscillating amplitudes of Cv.n. and β30. This is because that
the magnitudes of the octupole deformation of the system, apart from the contribution of
the valence neutrons, are also influenced by the asymmetric spatial distribution of the three
αs, which is mainly induced by the polarization effects for valence neutrons.
For a quantitative study of the time evolutions of β20,
√
〈z2〉, β30, and Cv.n. for the linear-
chain configurations formed in the head-on collisions of 4He+8Be and 4He+10Be systems,
the Fourier transformations have been performed for the time surviving the linear-chain
configurations. In Fig. 4, the obtained spectral powers for the β20,
√
〈z2〉, β30, and Cv.n.
are shown as a function of the period time, which is just the inverse of the frequency. By
increasing the initial energy Ec.m. to 8 MeV, the amplitudes of oscillation are enhanced and
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FIG. 4. (color online). The absolute squares of the Fourier transformation (spectral power) of
the quadrupole deformation β20, the length along z direction
√
〈z2〉, the octupole deformation β30
(upper panel), and the center of valence neutrons in z direction Cv.n. as a function of periodic
time for the head-on collisions of 4He+8Be (upper panel) and 4He+10Be (lower panel) systems at
Ec.m. = 2 MeV.
the period times of oscillation become slightly longer, but no more than 10%. For both
collisions, the spectral powers of β20 are coincident with the ones of
√
〈z2〉, in particular for
the positions of the peaks. This reveals quantitatively that the oscillations of β20 are mainly
along the longitudinal directions in both collisions.
For the 4He+10Be collision, it is interesting to see that the spectral powers of β30 and
Cv.n. are nicely matched, especially for the positions of the two peaks. Note that the double-
peak structure also appears in the 4He+8Be collision, but at a higher frequency region [see
Fig. 4(a)]. Therefore, one can conclude that the two valence neutrons in the 4He+10Be
collision bring the dynamical isospin effects, which can slow down the β30 oscillation in the
z direction and, thus, are helpful to persist the linear-chain configurations.
Quantitively, the period time of the oscillation of the valence neutrons is apparently
different from the one of the three α clusters [represented by the β20 oscillation in Fig. 4(b)].
This reveals the weak coupling nature of the two valence neutrons and the three α clusters
as the two valence neutrons occupy the pi orbits with density distribution perpendicular to
that of the three α clusters.
In Ref. [29], the stability of the linear-chain configurations of the neutron-rich 16C and
20C has been investigated based on the nonrelativistic TDHF approach. It was found that
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the σ orbit plays an important role for the increase of linear-chain lifetime. Here for 14C, it
is found that the pi orbit is also helpful to persist the linear-chain configurations due to the
dynamical isospin effects. In the future, it would be interesting to investigate the systems
with σ orbit by TDCDFT.
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FIG. 5. (color online). Lifetime of the linear-chain configuration as a function of the impact
parameter b for the 4He+8Be and 4He+10Be collisions at Ec.m. = 2 MeV.
Finally, the stability of the linear-chain configurations with respect to different impact
parameters b has also been studied. In Fig. 5, the dependence of the linear chain survival
time on the impact parameter for the 4He+8Be and 4He+10Be collisions is depicted. It should
be noted that, even taking the largest impact factor b = 0.5 fm in Fig. 5, the corresponding
angular momentum is still around zero. It is seen that as the impact parameter increases the
survival time decreases rapidly, while at each impact parameter, the linear chain survival
time for the 4He+10Be system is longer than that for the 4He+8Be system. Moreover, it can
be also seen that the linear-chain lifetime does not drop to zero but stays around 500 fm/c
with the increase of impact parameter. Similar calculations have also been performed at
center-of-mass energies Ec.m. = 4 and 8 MeV, and it is found that the decreasing tendency
of the linear-chain lifetime with the increasing impact parameter still holds true.
In summary, the time-dependent covariant density functional theory has been devel-
oped in full 3D lattice space without any symmetry assumptions, and it has been applied
to investigate the microscopic dynamics of the linear-chain cluster states in 12C and 14C
from respectively the resonant scatterings 4He+8Be and 4He+10Be. The metastable linear-
chain states are formed in both collisions, and the corresponding quadrupole deformations
agree nicely with those obtained by the static calculations for 12C and 14C, respectively.
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Quasiperiodic oscillations of the clusters are found in the time evolutions of densities for the
linear-chain configurations. For 4He+8Be, the linear-chain states are followed by a transi-
tion to a lower-energy triangular configuration before acquiring a more compact shape. In
contrast, for 4He+10Be, the linear-chain states could stay much longer due to the dynamical
isospin effects of the two valence neutrons which slow down the longitudinal quasiperiodic
oscillations of the clusters. Finally, it is shown that with the increase of the impact pa-
rameter, the lifetime of the linear-chain states decreases rapidly, while the lifetime for the
reaction 4He+10Be is still longer than that for the reaction 4He+8Be.
Adding neutrons is considered to be an important mechanism for the stability of the
linear-chain configurations. In the present work, we have provided the first investigation
on the microscopic dynamics of the linear-chain structure with excess neutrons, and the
dynamical isospin effects have been revealed. With the development of worldwide facilities
on rare isotope beams, exploring the linear-chain structure via resonant scatterings of rare
isotope beams will be more and more popular in experiment. The present work has therefore
also provided a promising theoretical tool to guide and interpret the future experiments.
This work was partly supported by the National Key R&D Program of China (Con-
tracts No. 2018YFA0404400 and No. 2017YFE0116700) and the National Natural Science
Foundation of China (Grants No. 11621131001, No. 11875075, No. 11935003, and No.
11975031).
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